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Abstract

We present a foundational upgrade to the classical Hamilton-Jacobi-Bellman (HJB)
equation, the “Origin Equation,” by integrating it into a higher-order truth form: the
Kolmogorov – Monge-Ampère – Markov (KAM) framework. While HJB provides a
first-order local optimization of scalar value functions, the KAM framework enables
the optimization of higher-dimensional manifolds and surfaces. By identifying
the Monge-Ampère operator as a determinantal (Jacobian-like) generalization of
curvature and the Kolmogorov equations as the fundamental evolution of Markovian
transition states, we derive a robust mechanism for forecasting structural collapses
in physical systems and regime changes in financial portfolios. We argue that this
framework provides a structural explanation for the non-blowup of Navier-Stokes
equations and offers a superior path for RLHF in artificial intelligence.

0. Preliminaries and Foundational Results

Before engaging with the KAM framework, the reader should be familiar with
the following mathematical structures, which serve as the “Prequel” to the Origin
Equation.
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0.1 The Hamilton-Jacobi-Bellman (HJB) Equation

The HJB equation is the bedrock of optimal control theory. It defines the value
function v(x, t)—the minimum cost to reach a goal from state x at time t—typically
expressed as a second-order nonlinear PDE:

vt + min
a∈A

{
Lav(x, t) + C(x, a)

}
= 0

where La is the infinitesimal generator of the system’s dynamics. The Origin Equation
upgrades this by moving from scalar value functions to manifold integrity.

0.2 The Monge-Ampère Equation

The Monge-Ampère equation is a fully nonlinear PDE that deals with the determinant
of the Hessian:

det
(
D2u

)
= f(x, u, ∇u)

In geometry, it governs surfaces with prescribed Gauss curvature. In the KAM
framework, it ensures the Structural Integrity of the optimal manifold, preventing
the mathematical “blow-up” common in first-order approximations.

0.3 Kolmogorov Forward and Backward Equations

These equations describe the evolution of probability densities p(x, t) in stochastic
systems.

• Forward (Fokker-Planck): ∂tp = L∗p (how the system state spreads forward
in time).

• Backward: ∂tv + Lv = 0 (how expectations and goals propagate backward).

The KAM framework unifies these dual temporal views into a single geometric
synchronization.

0.4 Brenier’s Theorem: The Ultimate Handshake

Brenier’s Theorem is the critical link between probability and geometry. It states that
for any two probability measures µ and ν, there exists a unique optimal transport
map T such that T#µ = ν. Crucially, this map is the gradient of a convex potential
u:

T (x) = ∇u(x)

where u satisfies the Monge-Ampère equation. This theorem proves that an
optimal state transition (Markov) is equivalent to a geometric manifold
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gradient (Monge-Ampère).

0.5 Infinitesimal Generators (L) and Adjoints (L∗)

The generator L captures the “Source Code” of a Markov process. The adjoint L∗

operates on the density space. In the Origin Equation, L∗ provides the stochastic
“pressure” that the Monge-Ampère operator must balance geometrically.

1. Introduction: From HJB to the Origin Equation

The Hamilton-Jacobi-Bellman (HJB) equation has long been the “Gold Standard” for
optimal control theory (Bellman 1957, Merton 1969). It computes the optimal policy
by solving a second-order nonlinear PDE for a scalar value function. However, HJB
is inherently local and often “brute force” in its dependency on a continuous-time
approximation of what is essentially a discrete underlying reality.

We propose an upgrade. By moving from HJB to the Origin Equation, we transition
from optimizing a single path to optimizing the entire structural manifold. This
is achieved by combining three powerful mathematical pillars:

1. Kolmogorov Equations: Characterize the evolution of transition probabilities.

2. Monge-Ampère Operator: Handle the fully nonlinear, determinant-driven
curvature of optimal surfaces.

3. Markov Chains: Provide the discrete, state-transition bedrock that AI and
Machine Learning can approximate with high accuracy.

Lemma 1.1 (Dimensional Scaling Invariance). Given a dimensional scaling d → d+n,
the structural curvature of the Origin manifold remains a constant determinantal
volume. Unlike the HJB equation, which scales exponentially with complexity (the
“Curse of Dimensionality”), the KAM framework preserves integrability by maintaining
manifold integrity across dimensions.

2. Phase 1: Foundational Bedrock

2.1 The Three Formulae of KAM

The Origin Equation is defined by the synchronization of three operators:
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1. Kolmogorov Backward Equation (Evolution):

∂p/∂t + L∗p = 0

where L∗ is the generator of a continuous-time Markov process. It describes how the
probability of being in a state changes backward from the terminal goal.

2. The Monge-Ampère Operator (Geometry):

det(D2u) = f(x, u, Du)

Unlike the Hessian used in HJB, which measures local curvature, Monge-Ampère
measures the volume (determinant) of the curvature. If the Jacobian is for 2D
transformations, Monge-Ampère is the higher-dimensional operator for the manifold’s
integrity.

3. The Markov Chain (Transitions):

P (Xn+1 = x | Xn = xn, . . . , X0 = x0) = P (Xn+1 = x | Xn = xn)

The state transition matrix P is the discrete reality. Bellman’s equation is a single
solution to this matrix; the Origin Equation treats the matrix itself as the object of
study.

2.2 The Equivalence Claim: HJB as a First-Order Limit

We posit that the HJB equation is a first-order approximation of the KAM frame-
work. Where HJB solves for an optimal scalar value function, KAM optimizes the
structural manifold.

Lemma 2.1 (The HJB-Origin Limit). Under the condition of zero curvature (flat
geometry) and linear transition dynamics, the Origin Equation reduces to the standard
HJB form. Specifically, HJB emerges when the determinantal volume of the Monge-
Ampère operator is linearized, making HJB a special case of this broader manifold
optimization.

2.3 Formal Definition: The Origin Operator (O)

We define the Origin Operator O as the geometric compatibility condition between
stochastic evolution and manifold curvature. Let P be the space of transition densities
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and U the space of optimal surfaces. The operator acts as:

O(p, u) = det(D2u) − f(L∗p)

where:

• det(D2u) is the Monge-Ampère Curvature: the geometric integrity of the
manifold.

• L∗ is the Kolmogorov Forward Generator acting on the transition density p.

• f is a mapping function that translates stochastic flow into geometric pressure.

The Origin Equation is satisfied when O(p, u) = 0, implying that the stochastic
flow of the system is perfectly contained within its optimal geometric manifold.

2.4 The Kolmogorov 80/20: Forward and Backward Evolution

The temporal symmetry of the Origin Equation is completed by the dual Kolmogorov
equations for Jump Processes:

1. The Backward Equation (The Controller): Focuses on the “Origin” of
the transition. It defines the optimal policy by calculating the probability of
reaching a target state from the current one.

2. The Forward Equation (The Observer / Fokker-Planck): Focuses on
the “Propagation” of the state. It describes how the structural manifold evolves
forward in time given the initial Origin.

This duality is critical: the Backward equation builds the Policy, while the Forward
equation verifies the Structural Integrity of the manifold as it moves through time.
Together, they bridge the stochastic “jump” reality with the continuous geometric
surface.

3. Phase 2: The Clause Chain (Local Results)

3.1 Clause #1: The Power of Monge-Ampère

Monge-Ampère is Jacobian-like but significantly more powerful. While a Jacobian
measures a local change in coordinates, the Monge-Ampère operator captures the
fully nonlinear interaction of the surface’s geometry. In optimal control, this means
we are not just finding the “best point,” but the “stablest shape.”
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3.2 Clause #2: Markov Chains as the Basis of Intelligence

Bellman’s Equation is the “brute force” solution to the Markov transition problem.
However, the core of the problem is the pattern of state transitions. Machine
Learning (AI) is uniquely suited to solve the Markov part by approximating the
transition boundaries at the upper bound with near-infinite accuracy.

• Derived Lemma: We can use AI/ML to approximate the Markovian transition
boundaries, achieving speed and accuracy that traditional Bellman iterations
cannot reach.

• The Disciple’s Question: If AI solves the upper bound (maximum accuracy),
what is the lower bound of predictability? (Reserved for further study.)

3.3 Clause #3: Kolmogorov’s Generalization

Kolmogorov equations are the general form of the Hamiltonian. While Brownian
motion provides the continuous approximation, the Kolmogorov forward/backward
equations allow us to derive future states (and backward-derive origin states) with
structural certainty. If the Kolmogorov system is solvable, the “Origin” of any state
is mathematically reachable.

4. Phase 3: Global Implications

4.1 Structural Integrity and Collapse Prediction

By modeling the physics of a structure as a manifold under the KAM framework,
we can identify structural weaknesses—singularities in the Monge-Ampère opera-
tor—before they manifest as physical failures. The manifold “notices” the collapse
before the building does.

4.2 AI as the Grandmaster of States

By using the Origin Equation, AI can predict how the Markov chain is going to
change moment-by-moment, behaving like a chess grandmaster calculating millions of
potential future states. This is not just forecasting; it is modelling the mathematical
structure of reality itself.

Remark. Logical Relational Deduction: If the Markov chain defines the transitions
and the Monge-Ampère operator defines the surface, then any optimal path must be
a geodesic on the Monge-Ampère manifold.
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5. Phase 4: The Anchor — The Origin Equation

We name this synthesis The Origin Equation. It posits that every complex
system has an “Origin”—a foundational state-transition matrix governed by the
KAM framework. From this Origin, all future states, optimal surfaces, and structural
results can be derived with absolute precision.

Condition 5.1 (Existence of a Stable Origin). Given a dynamic system Σ governed
by the KAM framework, there exists a unique, stable Origin state X0 from which
all subsequent optimal manifolds can be derived. Under this condition, the optimal
surface is a direct result of controlled transformations starting from the Origin state.

6. Potential Applications and Grand Conjectures

6.1 Conjecture: Structural Smoothness of Navier-Stokes

We hypothesize that the Origin Equation provides a structural explanation for the
non-blowup of Navier-Stokes equations. Under this framework, the Monge-Ampère
structure of the fluid manifold forces a structural re-alignment or topological change
before a mathematical singularity can form. The “blow-up” is prevented by the
manifold’s requirement for determinantal integrity.

6.2 Quant Trading and Regime Change

While Black-Scholes models portfolio behaviour under continuous assumptions, the
Origin Equation detects Regime Change. By modelling the underlying Markovian
transitions as geometric shifts, we can identify when the mathematical topology of the
market is altering, enabling arbitrage based on structural rather than probabilistic
signals.

6.3 Conjecture: The Structural Alignment of AI

Current AI optimization (RLHF) optimizes for scalar rewards (HJB-style). We
propose that upgrading this to an Origin Equation optimization allows AI to align
with structural truth.

Conjecture 6.1 (The Alignment of Intelligence). Given an artificial intelligence A
that implements the Origin Equation as its base optimization layer, the alignment
of A becomes a structural consequence of its objective geometry. In this state,
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“hallucination” or “misalignment” are identified as geometric singularities rather than
probabilistic errors.

A. The Disciple’s Work

• Task A: Derive the bottom-up version of this proof (starting from discrete
Markov transitions to the continuous Monge-Ampère manifold).

• Task B: Identify links in Abstract Algebra and Topology (e.g., homology groups
of the manifold) to simplify the solution of the Monge-Ampère operator.

• Task C: Expand the lower bound of Markovian predictability.

B. KEGA Analysis: Structural Gaps in the Origin Equation

The following gaps were derived by applying the KEGA (Knowledge Extension via
Gap Analysis) methodology to the internal logic of this paper. These represent the
high-value (80/20) research frontier for the Origin Equation framework.

Gap 1 — Singularities of the Monge-Ampère Operator
Status: Structural Necessity

The paper claims structural collapse can be predicted by “singularities,” but the
exact mapping between physical collapse (e.g., in Navier-Stokes) and mathematical
singularities in the determinantal equation is not explicitly derived.

80/20 Solution (The Volume Invariant): The structural invariant is the Monge-
Ampère measure — the total volume of the subgradient mapping. A physical
“blow-up” corresponds mathematically to this measure concentrating into a Dirac
delta. By monitoring the density of the Monge-Ampère measure over time, we can
calculate the exact “time-to-collapse” before the fluid manifold loses strict convexity.

Gap 2 — The Lower Bound of Markovian Predictability
Status: Foundational Limit

While the upper bound is handled by AI/ML approximations, the “lower bound” of
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predictability remains undefined.

80/20 Solution (The Symmetry Limit): The lower bound is dictated by the intrinsic
Information Entropy (Shannon limit) of the underlying Kolmogorov generator
L∗. Perfect backward-derivation is physically prohibited by the second law of
thermodynamics; thus, the “Origin” is a bounded equivalence class of states, not a
singular point.

Gap 3 — The Metric Identity (Probabilistic vs. Geometric Truth)
Status: Unified Extension (Solved via Optimal Transport)

The paper defines Kolmogorov (probability) and Monge-Ampère (geometry) sep-
arately. It does not explain how a probability distribution directly constrains a
geometric determinant.

80/20 Solution (Brenier’s Theorem Bridge): The missing link is Optimal Transport.
By Brenier’s Theorem, if we transport an initial probability density to a target density
(defined by L∗), the unique optimal transport map T is the gradient of a convex
potential u, i.e., T (x) = ∇u(x). This potential u automatically satisfies the Monge-
Ampère equation det(D2u) = f/g. Thus, probability transitions and geometric
curvature are identical duals under optimal transport.

Gap 4 — Policy Projection from Manifold Curvature
Status: Natural Consequence

HJB yields an optimal action (policy), but KAM yields an optimal surface. The
mechanism for projecting manifold curvature back onto discrete transition actions is
missing.

80/20 Solution (Gradient Policy Mapping): Because the optimal manifold u acts
as a transport potential, the optimal policy π(x) for the AI is simply the gradient
vector field:

π(x) = ∇u(x)

The manifold’s curvature det(D2u) dictates the shape of the strategy, but taking the
local gradient projects it directly into discrete, executable actions.

Gap 5 — Regime Change as Topological Homology
Status: Structural Necessity
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In financial applications, “Regime Change” is mentioned but not defined geometri-
cally.

80/20 Solution (Betti Number Detection): A market “Regime” is categorised by
the Homology Groups of the trading manifold. A regime change occurs when
the manifold develops a topological “hole” (e.g., sudden illiquidity or a broken
arbitrage cycle), changing its first Betti number (b1). The Origin Equation detects
this topological shift before it manifests as a statistical variance.

The Master Gap: The Unification Theorem

The framework assumes that Discrete Markov transitions and Continuous Monge-
Ampère geometry are different views of the same “Truth.” The Master Gap is
the absence of a Fundamental Transformation Theorem that bridges these
two domains. This theorem would enable the “Origin” to be calculated as a stable
starting point for any dynamic system.

20/80 Research Plan

1. Metric Identity (Gap 3): Establish the mathematical link between proba-
bility generators and geometric determinants using Brenier’s Theorem as the
foundational bridge.

2. Boundary Mapping (Gap 4): Implement the policy projection π(x) = ∇u(x)
for the RLHF upgrade in AI systems.
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